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GROWTH PROBLEMS FOR SUBHARMONIC
FUNCTIONS OF FINITE ORDER IN SPACE

BY
N. V. RAO AND DANIEL F. SHEA(!)

ABSTRACT.  For a function u(x) subharmonic (or C2) in R”, we compare the
“harmonics” (defined in §1) of u with those of a related subharmonic
function whose total Riesz mass in |x| < r is the same as that of u, but whose
I*norm on |x| = ris maximal, for all 0 < r < 0. We deduce estimates on
the growth of the Riesz mass of u in |x| < r, as r — 0.

Introduction. Following Hayman [7], [8], we study the growth and distribu-
tion of the Riesz mass of subharmonic functions in R” (m > 2) from the
point of view of classical value distribution theory. Thus, if u(x) is subharmon-
ic we define the characteristic

1) T(r,u) = o’ =1 u(rw)” do
of u(x) and its order

o log T(r,u) .
@ NP oy

dw denotes (m — 1)-dimensional surface area on = = 2, = {|x| = 1} and
0, = fsdw. We always suppose u* is unbounded: T(r,u) = oo when r — oo,
and u is harmonic near 0 with #(0) = 0. We compare the growth of T(r,u)
with that of

3) N(@) = N,(r) = o,;]fz u(rw) dw

which, by Jensen’s theorem [1, p. 133], is a weighted average of the Riesz mass
of u in the ball |x| < r:
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@ ) = ©,d,)" d(du(x)), N() =d, fo " ()",

|xl<r

Here A denotes the Laplacian, Au exists as a distribution and p = (o, dm)_l Au
is a positive measure when u is subharmonic [1, p. 127]; and d,, = m — 2 for
m>2d, =1 (For definitions and a discussion of basic results, see §1.)

When f(z) is an entire function of one complex variable and u(x,y)
= log|f(x + i), n(r) counts the number of zeros of f(z) in |z| < r, and it is
a classical problem to find good lower bounds for

in terms of A. For example, it is known in this case that

1 o<Agh,
(6) kw) > {sinﬂk <Ak

(Edrei and Fuchs [3]), where equality holds for f(z) = polynomial (A = 0),
=e’(\ = 1)and

™ 1@ =T - <A<,

Hayman has extended (6) to arbitrary subharmonic u in the plane and found
the sharp analogue for functions of orders A < 1in R”, m > 3 ([7], [8)]).

For A > 1, precise results are not in general available even for entire
functions. A recent result in this direction is

sin 7A|

(®) k(u) > (09)'}\Jrl (1 <A< )

(Miles and Shea [10]), and well-known examples [2] show that (8) would fail
for large A if the 0.9 factor were replaced by any constant greater than unity.
Inequality (8) is an easy corollary of the main result of [10],

THEOREM A. Let f(z) be an entire function of finite order X in the plane, and
put u(z) = log| f(2)],

) my(r,u) = {fl% j; g |u(rew)|2d0}l/2

Then
1/2

) N(r) |sm 7r>\l
(10) lim sup my(r, u) { 1 + (sin 277)\)/2777\}

r—o0
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Equality is possible in (10) for each A > 0.

Our first purpose in this note is to find the appropriate extension of Theorem
A to subharmonic functions. The proof in [10] rests on some simple properties
of the Fourier coefficients

2 . .
e (r;f) = 517—, f " loglf(re®)e*%a8 (k= 0,£1,%2,...),
in particular on the inequality

(11) le ) < le(sf™) (7> 0,k =0,%1,%2,...)

where f* is a suitable entire function whose zeros have the same moduli as
those of f but are projected onto the positive real axis. Thus, if «* = log|f*|,
then N,(r) = N, (r) and

(12) my(r,u) < my(r,u®)  (0<r < o)

by Parseval’s theorem, and to prove (10) it suffices to consider just the f*.

In §2, we study the spherical harmonics of subharmonic functions in R™
and prove an analogue of (11) for all m > 2 (Theorem 2.1). From this we
deduce

THEOREM 1. Let u(x) be subharmonic and of finite order X in R™, and put

/2
my(r,u) = {o,,-,lf2 Iu(rm)lzdw}l .

Then
. N
(13) lim sup mz((rf)u) >Cm) (O<KA<oo,m>2),
where
(149

’ -2)° —_ _ -1/2
C()\,m)={l+>\(7\+m 298§ (ke m=3i@ktm=2) )"
(m=2) = k1= N2k + A +m—2)

When m = 2, the bound in (13) is the same as that in (10), and whenm = 3
or 4 inequality (13) remains sharp for all A, with
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_|sinmAl\/2A + 1 1 -1/2
C(}\,3)— —'W—AO\—T ——(sm 7T>\) §| (k+}\) }

|sin 7A| sin27A V2

ct4) = AGA+ DU 27+ 1)

When m > 5 the series in (14) diverges and C(A,m) = 0, which just reflects
the fact that for these m the extremal functions for this problem (studied in
§4) fail to be square-integrable on spheres |x| = r, 0 < r < c0.

By Schwarz’s inequality and Jensen’s theorem, m,(r,u) > 2T(r,u) — N(r),
and we deduce easily a bound for & (u) defined in (5):

COROLLARY 1. If u(x) is subharmonic

|sin 7A| ©

<A< oo;m=2,34).
7\ + 1)*'"—1 -

(15) k(u) >

In §4 we consider a class of examples which, we conjecture, minimize k(u)
for any given order X and dimension m; in particular we show that there exist
subharmonic functions uy ,,(x) of order A in R™ with

(16) k() < C |sin 7A|

Thus the bound in (15) has the right order of magnitude for large A.
Using other methods, we obtain

THEOREM 2. If u(x) is subharmonic and of order X in R™, then

|sin A

m O< A< o;m>5)

(17) k(u) > 4,

where A,, depends only on m.

Hayman [8] has obtained k(u) > (g + 1 — A)(A — ¢)/A(g + 1)4™*9, with
g = [\, as a consequence of an inequality between N(r) and M(r,u)
= SUp|4—, u(x). Using the Poisson formula to estimate M(r,u) in terms of
T(or, S o > 1, we can easily adapt the proof of (17) to find that

lim sup N(r) S B |sin A

2 B, 0<A ,m 2z 2).
r—o M(r,u) (}\_‘_1)%"’ ( < <°°m )

The conjectured extremal functions u, ,, mentioned above are harmonic in
R™ except on the positive x;-axis, along which the Riesz mass is distributed
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regularly: Num(r) = r*, and Uy (%) = |x|)‘I (cos@; A, m) where 6 denotes the
angle between the vector x and the positive x;-axis, and I is defined in §4. If
we put

def

KAm) S k(ny,,) = T(Luy,)"  (m>2,0 <A< )

then Hayman’s sharp result noted earlier, for A < 1 and m > 2, is: k(u)
> K(\,m), and our approximations (15) and (17) for A > 1 have been
compared with K(\,m) via (16). Complementary to these lower bounds for
k(u), when u is an arbitrary subharmonic function, is

THEOREM 3. Let u(x) be subharmonic in R™ of finite nonintegral order X with
all its Riesz mass distributed along a ray through 0. Then

(18) lim inf T"(’r(”z) < K\ m)

where besides (16) K(\, m) satisfies

(19) KAm) <1 (m>30<A< )

and .

o K02 = B g <a<gy
= l—f}%ﬁ" @+i<Aa<y

forq=0,12,....

Inequality (18) remains valid for integral orders A, but then requires
different methods; cf. [15].

For entire functions in the plane this is due to Ostrovskii [12]. There exist
other related studies of this type, e.g. by Edrei and Fuchs [2], also [4], [S], [9].

All the results mentioned above for entire functions have extensions to
meromorphic functions, provided the definitions of N(r) and T(r,u) are
generalized in a natural way. If f is meromorphic in the plane and u(z)
= log| f(z)| = log|g(z)| — log|h(z)| where g, h are entire functions having no
common zeros, we define p = Au = A log|g| — A loglh| = p* — ™ where p*
and p~ are positive measures,

) = g5 [ 7@ ) = o f i)
N(ru) = fo ", u) " dt, NG = N,() = N(r,u) + N(r,—u),

with
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27 .

T(r,u) = % fo u(re’®) do + N(r,w),  k(u) = lir’n_’solxp 7],\(,'5’1)‘)
Thus k(u) gives a measure of the “total deviation from harmonicity” of
u = log|f|. The Edrei-Fuchs inequality (6) remains valid in this more general
setting [3], as does Theorem A [10].

We prove Theorems 1 and 2 for u(x) in the class 9,, of functions “delta-
subharmonic” in R™.

DEFINITION 1. A function u defined (a.e)) in R™ is in @, if there exist
subharmonic functions u;, u, in R” with u = 4, — u,.

A more intrinsic definition is: u € 9,, if for every compact set F, u
€ [/(F) and

1)

[ u@agp)dx| < C(F)llel,
for some constant C(F) and every ¢ € C®(R™) vanishing outside of F.

It is immediate from the second definition that any u € C2(R™) is delta-
subharmonic. The equivalence of the two definitions and other basic facts
needed here are discussed further in §1.

If f: C¥ — C is an entire function of order A, then Theorem 2 applies to
u = log|f| and yields

|sin 7|
X+1

(22) tim sup 220 5 4a1) 0 <A< w)

T(r.f)

with ¢ = M + 1 and N(5,0;f) = N,(r). Our examples u,,,,(x) show that
¢ > M for subharmonic functions in R*™ generally, but it remains an
interesting question whether (22) with ¢ & M is a good estimate for entire
functions when M > 2.

1. Definitions and auxiliary results. A function u: R” — [—c0, ) is subhar-
monic, u € §,,, if u is upper semicontinuous, # —co and

u(x) < o, ! fz u(x + dw)dw
for all x € R™ and § > 0. It is well known [1, p. 128], [8], [14] that
(1.1) u € L'(F) for every compact F,

(12) Au exists as a distribution and p = (q,,d,,) " Au

is a positive Borel measure, finite for compact sets.

Further, Riesz’s theorem holds: If
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(1.3) Kx) =loglx] (m=2), =—-|x"" (m>3),

then for any compact F,

(1.4) - u(x) = [ K= y)dply) + hx)

where p is the measure in (1.2) and % is harmonic in the interior of F,
Conversely, given a positive locally finite measure g on R™, any « having the
representation (1.4) for compact F and # harmonic in the interior of F is
subharmonic in R” with Au = ¢, d,, p.

The measure p in (1.2) is termed the Riesz measure of u.

Letu € 9, so that u = u — u, where u; € §, . Then it is clear that (21)
holds with C(F ) = w(F) + p,(F) if = Dy for J =1, 2. Conversely,
suppose u € Lloc satisfies (21). Then Au is a (locally finite, signed) Borel
measure 0,4, [1, p. 93] Let |u| be the total variation of p, and let

= 3(ul + p), 0~ = {(ul = p). Then as m Weierstrass’s classxcal theorem
we can construct [8, Chapter 4] functions u*, 4~ € S,y With Au™ dmp.
and u = u* — u™ + h where k is harmonic in R™; thus u €9, accordmg to
Definition 1.

For convenience, we shall continue to refer to the measure defined in (1. 2)
as the Riesz measure of u, for any u € 9,, and to the mass of the total
variation measure |u| = p* + u” as the Riesz mass of u.

fuead,

(15) = (0pd,)  Au = pt —p~

and we assume throughout §§1-3 that u*, u~ have no mass in a neighborhood
of 0, that

(1.6) u(0) = 0,
and that
(1.7) T(r,u) > (r > o0).

This involves no restriction for the kind of asymptotic problems studied here.
Generalizing definitions (1), (4) we put

n(rw) = w({Ixl < 7). nlr,—w) = w*({|x] < ),
N(r,u) = d, ./(; ’ n(t,u)l' =™ dt,
(1.8)
N(r) = N,(r) = N(r,u) + N(r, —u),
T(r,u) = a,;l fz ut (rw)dw + N(r,u),

and (2), (5) remain unchanged.
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Applying Green’s formula to u,, we have

(19) %0 =o' [wCodo+ [ [KG) = Kee)ldu(5)

where e = (1,0, ...,0), and integration by parts converts the last integral in
(1.9) to N(r,u). Thus

T(ru) = 05" [ [ — )" + 1,)(r0)de — 1,(0)

= o,,_,'f v(rw)dw — u,(0)

where v = max(y,u,) € S, so that by (3) and (4), T(r,u) is a continuous,
increasing function convex in logr (m = 2), r¥*™™ (m > 3).

Applying (1.9) to u, we obtain the analogue for u € 9, of Nevanlinna’s first
fundamental theorem,

(1.10) T(r,u) =T, -u (0<r< »).

If x, y € R™ we write
x Vy=ux-y/|lx||y] = cosd

where 8 is the angle between Ox and 0p. Then

k
B(x v y)lyl'k’i'm_2 (5l < Iy])

K(x —y)

1l
|
TMs

0

(1.11)

||
’lTM 8

k
ARGV |'ky+'m_2 Iyl < Ix])

where the B, are the Gegenbauer polynomials [16, pp. 302, 329]. On the other
hand for ﬁxed », K(x —y) is real-analytic in x and thus B(x V y)

x/ 1y k+m=2 is the sum of terms of degree k in the Taylor expansion of
K(x — y) in a neighborhood of the origin. Thus B (x V )|x|* is a homoge-
neous harmonic polynomial of degree k in x (except when m = 2, k = 0),
and [1, p. 169]

(1.12) fz B(ro Vy)R(re V z)do =0 (j # k)

forallr = |x| > 0andy, z € R" - {0}.
For any integer ¢ > 0, we define
q k
(1.13) Kq(x,y) =K(x—-y)+ kzo B(x Vv y)' llkxlm_z (x,y € R™).
= Yy

Thus
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o k
(19 K== 5 RevI=im (<D

Assume that u € 9, is of finite order A, so that by (1.8) and (1.10):

lim sup log N ()

<A
roo logr

and let p be the associated Riesz measure. Then for a > A,

f°°N(r) _ mf n_,
0

a+1 a+m—

(1.15)

dy f d|p|(x)
R

" ala+ m—2)Jrn |x|*tm=2

converges. Let ¢ = g(u) denote the least integer > 0 for which

(1.16) [ o,
|
and put
(1.17) u,(x) = [ K (6,)du().

By (1.16), (1.13), (1.11) and (1.4), u, € ¢,, and
(1.18) u#(rw) elCds) (O0<r< 0).

For some purposes it is convenient to have explicit estimates of K o and we
state

LEMMA 1.1. There exists a constant C = C(m,q) such that, if |x| = r,
K, )| < CratY/ [yl (e <A,
Kxy) < "2 + ) (y € R™),
the latter except when m = 2 and q = 0, in which case

Ko(x.y) = logll = x/y| < log(1 + #/| ).

Whenm = 2, Lemma 1.1 is well known [6, p. 26]; analogous estimates yield
the result for m > 3, e.g. see [8].
Using Lemma 1.1 we find that if
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L log N(r)
(1.19) Ay = 111:1_)5;1p Togr

3

then u, has order Ay, ¢ < Ay < ¢ + 1. Further, arguments like those used for
the classical Hadamard representation theorem (worked out in Hayman’s
book [8, Chapter IV]), give

LEMMA 1.2. Let u € 9, have finite order \, let q(p) be determined as in (1.16)
and put g = max(q,[A]).
Then

(1.20) u(x) = u,(x) + hx)

where h is a harmonic polynomial of degree at most g.

Observe that g = g(u) when A is not a positive integer.

Finally, we collect some facts about spherical harmonics needed for
Theorem 1; for proofs see [1, pp. 168-170] and [11, pp. 43, 44]. Let 3, denote
the space of all homogeneous harmonic polynomials of degree k. The
restrictions of these to = are the spherical harmonics of order k, and they form
a finite-dimensional subspace £, of L*(Z,dw). For each k > 0, let {o,) } (_3 be
an orthonormal basis of £, ; then the set ® = {p; ;: k > 0,0 <j < n(k)} is
complete in I?(dw). If @, ¢ € ® are of different degrees then f5 ¢(w)y(w) dw
= 0; this fact generalizes (1.12).

Let f € L' (dw), and define the kth harmonic of f to be

(1.21) f= ,gi { f,_ (@ j(w) dw}qvk, jt

We note that

Ifelbo < CENS (& > 0),

that f = 3 f, holds for all fin the linear span ®* of ®, and that if f, = 0 for
each k > 0 then f = 0, since ®* is dense in C(Z). Further, f, is the orthogonal
projection of f onto £, for all f € I*(dw), and thus f does not depend on the
basis chosen.

Finally, we write

1/2
(122) oo = o)) = { [ @} = Ikl
and observe that, if f € L*(dw),
© 1/2
(12) Ik = { 2, ¢t}

since ® is complete.
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In the next section we study the harmonics of u, defined in (1.17), and for
this we must compute the harmonics of K. g Fora glven r>0andy € R”,
let {p, J}J(g be as described above with ¢, 4(w) = a; B(w V y), where the
positive number « is determined by ”‘Pk,o ||2 = 1. Then it is obvious from
(1.12)~(1.14) that the kth harmonic of f(w) = K, (rw,y) is

i@ =QRwVy (v€EZ)
for a suitable factor Q, (r,]y|). When |y| > r we compute Q, using (1.14),

01 = =%y (k>4q), =0 (k<q)

When | y| < r we use (1.13) in a similar way and, for |y| = r, Q, is defined by
continuity since K (rw, o) > K (rw, y) in L'(dw) when 6 — 1. Then the
values of Q, can be tabulated as follows

0, (r,1) 1 <r t>r
4k ) k+m=2 _ k) k+m=2
(124) « > ! ks k t /; ky/ k 2 ’ /t
1 < kg [rfffetm=2 — fkjpktm= 0
k=0 K(r) — K(t) 0

Finally, we observe from (1.17) and Fubini’s theorem that the kth harmonic
of u,(rw) is

(1.25) [ QR 1DR( V »)du(y).

2. An extremal property of spherical symmetrizations of potentials; proof of
Theorem 1. Let u € 9, have finite nonintegral order A, and let ¢ = [A]. Let p
be the Riesz measure of , and denote by ji the measure obtained by projecting
the mass of  onto the positive x;-axis according to

ilab]) =pla<|x|<B}) (0<a<b< ®)

where [a,b] denotes the interval on the x,-axis with endpoints (4,0,...,0),
(6,0,...,0). We also introduce the total variation measure p* = |i| and the
associated subharmonic function

@.1) wr() = [ " K, (x, te) du* ().

We shall compare the harmonics of 4, and u . Recalling (1.22) and (1.25)
we define

Celr,) = cylu,(ra)) = 1

fmmmmmwv»@wm.
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Ifu,(re) € L*(dw), my(r,u,) defined in Theorem 1 satisfies

) 1/2
22) my(r,u,) = o,;]/zllu“Hz = {o,,',l ,EO C,(r, u“)z} ,

see (1.23).‘ In any case, we have

THEOREM 2.1. Let u be a measure satisfying (1.16). Then

(2.3) Ce(rnu,) < Clnuy)  (0<r<oo;k >0).
Thus
(24 my(r, u#) < my(r, u:)

for all r such that m,(r, u: ) < o0. [This holds everywhere when m = 2, and
a.e. when m = 3, 4; for, by (2.1) it is sufficient to show, a.e.,

2.5) W) = | /22 ro — e ™4 () € 12(d).

Fix any r such that () = p*{[0,]} has a finite derivative at r, and let § and
K satisfy |p(r) — ¢(r)] < K|t — r| when |t — r| < 26. Then

Yleost) = | /2; @+ = 2rcos8)dpl) (v = om - 2)

2r 2
<C [ A=l + 6y dg(t)
k
—2» _ -2
= C {ﬁr—t|<0 0 d(p(t) +J§0 ,/;10<|r_(|<2j+|0 Ir tl d¢(t)

L(Ir ~1|<r Ir =1l zydq’(t)}

where C depends only on r and k = [log(6/8)/log2]. It follows that y,(cos §)
€ I*([0,7]; sin™"20df) when m = 3, 4]

ProOF OF THEOREM 2.1. For each k > 0 we have by Schwarz’s inequality
and the fact that, by (1.24), Q, is of one sign only,

2
Ck(”“y)z = fz {f,,, A AP ACKRY )’)du(y)} dw
< fz {f,,, 10 (r, [YDI B (0 Vv J’)dlul(y)fk,,, 10, (r, IyI)Idlul(y)}dw

= { fz B*w Ve dw}{ f0°° Qi (r, ) dy* (t)}2

=f>: {]:o (A (3N ACEY e)d#*(i)}zdw = Ck("’“:)z’
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as claimed. When k£ = 0 we have as in (1.9) that

w1t = | G = KOt
= |N(r,-—u) - N(r’u)l
< N(r,—u) + N(r,u) = N(r,—u}) = 0,2 Cy(r,u}).

To prove Theorem 1(2), let u € 9, have order A # positive integer and put
q = [A]. Then (1.20) holds with 4 an harmonic polynomial of degree < ¢ and
u, € 9, of order A. Further, N(r) = N,(r) = N(r, —u:) has order A by (1.19);
thus there exists a strong proximate order A(¢) in the sense of [19, p. 41], that is,
A() € €?(0, ) and

M) = A XN(@)tlogt =0, N(Dilogt >0 (¢t — oo),
and, if
N =29, n@) = d; N ),
then also
26) NOSKNOH 0<t<®), NE)=N@E) >1)
where 7, increases to +co, and
@7 @O =MA+m-2)/d,+o)}"3NE (- o)

For proof, see pp. 35 and 39 in [19].
In particular, n, (¢) is eventually increasing, say for ¢ > r,. Define 7, N by

N@=N@ (0<t<n),
(2.8) =N@O (h <1< )
NG) = d | " A",
Clearly, 7 increases on (0, 0) and thus
i(x) = 7 K, (x,10)di() € 5.

Further,

(® We thank Dr. F. Abi-Khuzam for pointing out an error in a previous version of the proof
of Theorem 1.
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N
(2.9) lim inf NG > lim inf N(r) > lim inf N(;;,)*
n—o mz('h, u) n— mz('h’ u#) + mz();l,h) =0 mz(';"u“ )

where we have used (2.4) and m,(r,, h) = O(;,7) = o(N(z,)), by (2.6).
We proceed to estimate m, (r,, u: ). For each k > 1, we have from the proof
of Theorem 2.1 that

2
- 2 ®
' Gt = {7 outd a0}
where [11, pp. 15, 33, 4]
2= o';lfz B’(w V e)dw

(m—-2)I(k +m-—2)

k> 1,m > 3),

(2.10) T Tm=2Tk + D2k + m - 2)
2 _ 1 (2 cos’kd _ 1 _
= 27rfo =gdb=55 (k>1Lm=2)

By (1.24), (1.8) and two integrations by parts,

|7 ecdat @] = 7 10,6014 0
- pov )+ HEE =D (2 o (5,14
where
d.By=2k+m-2 (1<k<gq), =-Qk+m-2) (k>9q)

Thus at the r, by (2.6) and (2.7),
Ci(rou}) < Clrit) (k> 0).

It is easy to see from elementary properties of proximate orders that

@.1) lim inf =) iy NO)

n—e my(r,, i) T oo my(r, 1)

= KZ (A’ M),

where

K,(\,m) = r>‘/m2(r, U,) (0<r<w)

and
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Uy(rw) = MA+m = 2) +d’: =2) fooo K, (ro, ey 3dar (= J(w)r?)

is the subharmonic function with N(r,—U,) = r*. (A proof of (2.11) is
sketched below.)
For U, (x), clearly

- k(k+m=—2) 1 dt

and a direct calculation using (1.24) and
-2 2 _ -1 [ 2

shows that K, (A, m) coincides with C(A, m) defined in (14). In view of (2.9) and
(2.11), the proof of Theorem 1 (for general u € 9,,) is complete.

The truth of (2.11) can be seen easily from the integral representation for
#(x), together with (2.7), (1.14) and properties of proximate orders; we deduce

. t(rw) _ A+ m—=2) A+m—3
’Il’ngo 0 7 j(; K, (w,se)s ds

for all w € 3, » # (1,0,...,0). Further, if cos§ = © V e and § > 0 is
given, the limit holds uniformly for #in § < |0 < 7 and, if m < 4,

j;&:lﬂ(&} |l;(rw)|2dw < C(s)rZA(r) r> ro)

where C(6) — 0 as §— 0; this last can be seen from the estimate

q+1 2
Cila(al < fz:o (g) MOVar + f, L te)| MO+m=3 gy

r/2 q _ "
+f (:) PO+ [ K, (x 16) dn)

2r
< r"(’){Cz + 20 j;/z |K(x — te)|f™3 dt}

for all large r, where the last integral is of the type considered in (2.5). (An
obvious modification is needed in the estimate for [r,r/2] when m = 2, q
= 0; cf. Lemma 1.1.)

From
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we observe, after two differentiations with respect to A, that

21 o \*f.  sin2m\
212) c2) "= i(sinw)\> {1 T &
A convenient expression for C(), 3) is given by
22+ 1 i 1 S 1 X 1
2 . 2 ( ) = 2 2 2 2 2 2
XA+1) k==co (k —A)" k=l(k+ A k=0(k+A+1)

2 0
7 1
= { = ) _
(sxnw)\) k§| (k + N)?

2 (sin@A 2A+1 2 -
@13) c3) —( ) )(HI)Z{I—— )kzl (k+}\)} '

C(A\,4) can be summed explicitly in terms of elementary functions:

4N + 1 -
e
XA+2)
1 R k=-A+A+1) Zk+A+1-QA+1)
=5+ 2 2 2
X k=1 (k=] k=t (k+A+1)

{k A k+}\+l}

1
+(“1){2 1(k — }\) +k§l(k+)\+l)2}
1 ad 1 1
=0+, 2 Wl N PR e S 3
2
(}\+l)(sm }\) — @ cotaA,

2 (sinmA\\*( 2 2{ _ _sin2mA ™!
(2.14) Cc(\4) —( oy )()\+2) I 20\ + 1)

We deduce easily

THEOREM 2.2. Let u € 9, have finite order A. Then

(2.15) lim sup ( ) lSIn ‘I'TAI

0< A< o;m < 4).
e T(ru) = ,,>\(>\+1)5'”" 0< <9
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For, by Schwarz’s inequality and (1.10),

my(r,u) > o,,"lfz u(re)” dow + o,;l fz {(~u(rw)}" do

= T(r,u) — N(r,u) + T(r,—u) — N(r,—u) = 2T(r,u) — N(r)

(2.16)

and thus

LIO TSRS ((; N
T kG s e NGy > S

Solving this inequality for k(x) and using simple estimates with (2.12)~(2.14),
we obtain (2.15).

3. Bounds for k(u) when m > 5. Theorem 2 is contained in

THEOREM 3.1. Let u € 9, have finite order \. Then

k() > 4, sina\/( + DY (0 <A < o0)
where we may take A,, = m~" (m > 5).

We assume A is not a positive integer, and let ¢ = [A]. By Lemma 1.2, (1.20)
holds with h of degree at most q. Then

it f, aldo < [ e [ 1Kyl do falil ()

= [ B/ ans)

where
Bq(r) = o,;lfz IKq(rw,e)Idw;
here e denotes the unit vector in the positive x;-direction.
LEMMA 3.1. When 0 < r < o0,
@3.1) B,() < 2e(m — )1 (g + DI ratl 4 1),

Assuming the validity of (3.1), we put

S =r7r+1)
and use rS’(r) < (g + 1)S(r) to get
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fow S(;);Z-mdn(t) =d! f0°° {de(;) + s'(f)g}dN(,)
<d'g+m-1(g+ l)fo°o S(f)N(t)-‘?.

By (2.16), (1.20) and Lemma 3.1,

62 e <NO+C@ [ s(HN0T + 06
where

C,h(q) = 4e(m — 2)" D (g + 1)i0m),

For glven e > 0, there exists [6, p. 101}! a sequence r, — oo with N()
< (t/r) —eN(r) O0O<et<r),N@< (/)

)"*N(r) (¢ > r,). Thus
lim sup T(",u) 2{1 +C (q)f S(t)t')""dt}

n—o0

|sin A

-1 4(2-m)
k(u) > (4778) (m - 2) m

and Theorem 3.1 follows.
ProOF OF LEMMA 3.1. We first suppose 0 < r < 1. Then (1.14) implies

o]
K(ro,0) == S RV erk.
k=q+1

Since the B, are orthogonal on Z,

Bq(r)2 < a,;]fz Kq(rw,e)zdw = 2 12r2"

k=g+1
where the I, are given in (2.10). By simple estimates,
2& (m=-2%%"t (k> 1)
Put r, = exp{—1/(g + 1)}. Then
B, < {e(m — 2)r®*!Y? k=§+l Wk) 0<r<n)

where Y(x) = x”ro" (p = m — 4) increases on 0 < x < xp = (g + 1)p/2
and then decreases, so that
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W2, 0 < [ W+ 4l)
g+ 1\ -1 -2
=e (T) {22+ p27" + p(p— 1277% + - -+ + p!}
plg+ 1D\’
" ( T2 )
<pPg+ )" (p=m-49),
(3.3) B,() < e(m — )" (g + it 0 < r < ).

For r > 1, (1.13) yields

o

K (ro,e) = K(ro — €) + kz B(w V ek,
=0

(] 2 -1 g k
B,(r) < min{l,r*™™} + o, fz ’k§0 B(w V er"|dw

where the second term is dominated by

Q= { -If 2 (B(w V o)) dw}/2 {2 B 2k}/2‘

Thus
0% < (r/r)™ éo R (p<r< o)

and by (2.10)

__ 4ym-3
Ik<(’"( 2)2)(+1) (1<k<q)

We deduce

B,() < elm = 2" g+ D" e (< r < ),
and (3.1) follows.

4. Examples. For m > 3, let ¢ < A < g + 1 for some integer ¢ > 0 and
consider

AN+ m—

4.1 U)(x) = pra— 2)_[ K, (x, te)Mm=3 gy,
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a subharmonic function whose Riesz mass is distributed along the positive x,-
axis with

(4.2) N(r) = N(r,=U)) =r*  (0<r< ).

Then

4.3) Up(=x) = Mz_)l)\(cosg),k
m-—2

where x = rw, cosf = —w V e and

L (cosf) = fow K, (re, —e)r Mlar

=7 { 2, mo v gnfatomr ‘ ™ dr,

(1 + 72 + 27 cos8)’

Here and below, » = (m — 2)/2.
We have the representation

z}\+m—3 dZ

1
4.4 L (cosf) = - )
(44) (cos?) ™ — lj;‘(l+zz+2z cosf)’
where T consists of the circles [z]| = Rand |z] = ¢ (0 < & < 1 < R) respec-
tively oriented positively and negatively, joined by segments along the upper
and lower edges of the real axis between ¢ and R. To see this, use

o0
(1+ 2% +2zcosf)” = P (1B (cos8)z7*"™2 (|| = R)

in (4.4) with Cauchy’s theorem and let ¢ & 0, R = . Thus we can evaluate
I, by residues when m is even. (This procedure is used by Hayman [8, Chapter
4] for orders A < 1.)

We deduce

wi (=1 =1
4.5) I (cosb) = ehi_l i,_ fe)z') iv— 1(;)}

where g(z) = z“’" 3(z - a)™", g is the similar expression with 7 in place of
a,and a = —e By direct calculation,

o sin(A + 1)8
sinmA  sinf

=1

I, (cosf) =

and forv > 1,
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1, (cos6)
o AN+m-=3)---A+m—-»—1
(456) - s e )
. cos[(A + »)8 — mv/4]
(sing)” + R}
where
4.7) IRl < CE)A + 1)’ (i)™  (0<0< )

and C(;) does not depend on 4 or A. This follows easily from (4.5) and
v—1 _ . )
g(v—l)(z) — .20 (V j 1)D(v—j—l)(z)\+m—3)D(j)((z _ a)"‘l’)
Jj=

where D = d/dz, and the similar expression for g*~V).
Since 1, (cos @) is even in 6,

- MA+Am=2), _y (7 -
48) rA7(, U,) = -(—’7121—2—)20,"']; IA(cos0)+dw(0) = K(\,m) !
where
dw(8) = o,,_,(sin8)" 2 d6.
Thus

T(1,U,) = oA A+m-2)---A+m—»— l)(o'"_'>HA

|sin 7A| p1207 O

where

B= {(-1)%35 [o\ )0 - ?] (sin 0)"}d0 ey,
with |e| < C;(#)/(A + 1) by (4.7). On the other hand, since

. b +

Jim f f(8)cos(B0 + y)do
. b _ 1 b
= Jim [ f@){cos(B8 +1)}"d0 = _ [ 7(6)d0

forany f € L (a,b) and v real, we obtain

H, = }Tfo" sin”8d8 + o1)
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on letting A — o0 so that first ¢ = [A] is even, then odd.
We deduce that the U, satisfy

Nr) _ o,(m=2) ” + -!
T, Uy)  2AA + m — 2){f0 h(cos?) d“’(o)}

= amlsinwkl}\'i”’{l +0o(1)}] (O<r<ow;A—x)

where a,, depends only on the dimension; this proves (16) for m even.
In fact, from (4.4) I, (cos@) can be seen to satisfy a differential equation of
hypergeometric type [17, p. 178], thus [17, pp. 175, 104]

1 1+ cosd
I (cosf) = ,BZFI(}\ + 20, =Ap + f’_2_)’

B = KL(TG +» + NI - » = N)/T( + »)I(3 - »)

4.9)

where the , F; has a known asymptotic expansion [17, p. 77] for large X like
that in (4.6), but valid for all real ». Further, our analysis giving (4.6) from
(4.4), when v is integral, remains valid for half-integral » in the case § = 0, and
we can asymptotically evaluate the factor I (1) in (4.9). (The ,F in (4.9) is
essentially a Gegenbauer function [17, p. 175].)

We conclude that the functions U, satisfy (16) for any m > 3, by known
asymptotic results. When m = 2, (4.1) gives U, (x) = @A cscaA(cos oN)r for
all A # positive integer, || < 7, r > 0.

5. Proof of Theorem 3. We can assume all the Riesz mass of u(x) is on the
negative x;-axis, so that

(5.1) ux) = [ " K, (x, —te)du(t) + h(x) = u,(x) + h(x)

where u has order A € (g,¢ + 1) and the degree of h(x) is at most ¢. For any
Yy € Ag+ 1),

o0 o] (o <]
j; u#(rw)r_y_ldr =j; dp.(t)j;) Kq(rw,—te)r—"-ldr
[oe] v [o.¢] ———
(5.2) = fo £ () fo K, (ro,~e)r " dr
+m-—2 0 ——
= ﬁ}#I.{(Cosa)'/g’ N(t)t Y ldt

where [ is defined in (4.3).
Let 8 C 2 N {x, > 0} be measurable dw, and define E C [0,7] by E
={f:w V e=coshw € &}, and
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T(r,u“;tr}) = 20,;] ft;‘, uF(rw)dw.
Thus T(r,u,;6) < T(r,u,) and by (5.2)

o —y-1
j;) T(r, u,; &)r dr

M{z -1 f I(coso)dw(a)} f N ar

where dw() was defined in §4.
Using a theorem of Pélya [13] just as in [9, pp. 225-227], we deduce

. . dANN(@) + 1"
(5.3) A T I
where 7 < A is arbitrary and

Wtm=2),

(54) Ay) = T2 =200, [ 1 (cos 0) duf@).
Since N(r) < T(r,u,), it follows from (5.3) that there exists {r,} — co with

A()\)hm 1nf N () <1

T(,u,)

and

. logT(r,,u,)
im —— =
n—>o0 logr;,

Thus by (5.1)

N(r)
(5.5) A()\)hm mf TG, )\ 1

Since E is an arbitrary subset of [0, 7] and I, is independent of r, we can take
= {0: I,(cos@) > 0}.

Then by (4.8) and (5.4), (18) follows. Assertion (19) is a simple consequence of
al_igrl_ L(cosf) = -0  (m > 3),

clear from (4.3). When m is even, K(\,m) can be computed in terms of
elementary functions; in particular, (20) follows from the evaluation I, (cos 9)
= (/X sin@\)cos YA when m = 2.
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